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3.1 INTRODUCTION

Gasper Kani, a German engineer, developed another distribution procedure based on slope deflection
equations. This method is very useful for the analysis of multistorey frames. The greatest advantage
of this method is, even if a mistake is committed in distribution in one of the cycles, it converges
finally to the correct answer. Even today, many practising engineers who are not familiar with
computer methods, use Kani’s method for the analysis of 3 to 4 storey building frames.

This method is first explained for structures with fixed ends. Then, the modifications to handle
simply supported and overhanging ends are discussed. Analysis of symmetric frames making use
of the symmetry is also explained, after which an analysis of general frames is taken up.

Sign Conventions In above method, the following sign conventions are used:
1. Clockwise end moments are positive, 2. Clockwise rotations are positive

3.2 ANALYSIS OF STRUCTURES WITHOUT RELATIVE
DISPLACEMENT AT ENDS

Member AB, shown in Figure 3.1(a), is an intermediate member of a beam/frame, which has no
relative displacements at the ends (i.e., ends 4 and B are at the same level).

Let Mg and Mgy, be the final end moments. M, may consist of:

(1) Fixed end moments (8, = 05 = 0) (Figure 3.1(b))

(11) Moment due to rotation of end A only (Figure 3.1(c))

(u1) Moment due to rotation of end B only (Figure 3.1(d))

M
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Figure 3.1(a): A typical member. (b) Fixed end moments. (¢) Moment due to rotation
of end A. (d) Moment due to rotation of end B.
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Note: In Figure 3.1, all the moments are shown in their positive signs. Some of them may have negative
values.

Let the moment developed at 4 due to rotation 6, only be 2A/’,p. Naturally, it is equal to
A4E]

A
Hence, moment developed at B = Mjp.
Similarly, the moments developed at ends 4 and B due to rotation 6y only are Mz, and
; 4EI ,
BA = TBB respectively.
s MAB :MFAB +2M;\B+M'BA (310’)
and MBA = MFBA <f M’AB + WBA (31!))

The moments M’ 5 and M'g, are called rotation contributions. In general, Eqn. 3.1 may be
stated as

Final moment = Fixed end moment + 2 (Rotation contribution of near end)
+ Rotation contribution of far end ...(3.2)

Now, consider the moments at joint 4 in the frame shown in Figure 3.2.

E
D
B A
G
ANANNNY SRRERTL O RREEL SR ANANNNY

Figure 3.2: A typical frame.

According to Eqn. (3.2),

Mpp = Mpap + 2M3p + Mpa

Mpc = Mppc + 2Mjc + My

Mpp = Mpap + 2M;p + M'pa

EMAB = ZMFAB + 22&”2@3 + EME;A

where  ZM,p = sum of near end moments in all the members meeting at joint 4
IM'pan
EM’ pp

‘sa = sum of far end rotation contributions of all the members meeting at joint 4

sum of fixed end moments in all the members at joint 4

sum of near end rotation contributions of all the members meeting at joint 4

Il
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From the joint equilibrium condition, we know,
IMyp =0
EMpap + 22ZM (5 + ZME, =0
1 ,
M jp = —E(WFAB+EMBA) ...(a)

For each member meeting at joint A4,

4 EI
1
1
Hence, IM p= 5 Zkpp 04
. 0, Zk
2 A AB>
Since, 6, 1s the same for all the members meeting at joint 4.
Mip _ kas
M s Tk
M! i kAB EMI (b)
AB T AB
Substituting Eqn. (a) in Eqn. (b), we get,
Mig= -~ Kan (EM 55 + ZM p) (3.3

The expression 1 kap is called the Rotation Factor (RF) for member 4B at joint A.

From this equation, Kani developed the rotation contribution method.

In any given problem, the fixed end moments at all joints can be found. Hence, at any joint,
XM ap-can be found. To calculate the rotation contributions from Eqn. 3.3, we require the far
end contributions which are not known. Assuming them to be zero, calculate the near end
contribution using Eqn. (3.3). Likewise, we calculate the near end rotation contribution for the
next joint taking the far end contribution, if available, or, otherwise, assuming it to be zero. In
this manner, we calculate the rotation contributions at all joints, which completes the first cycle.
Now, the rotation contributions at the far ends are also available. Using Eqn. 3.3 again, we calculate
the near end contributions at all the joints to complete the second cycle. Repeat the procedure
until a change in the rotation contributions of two successive iterations is negligible. Then, calculate
the final moments using Eqn. 3.2.
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3.2.1 Application of Kani’s Method to Continuous Beams with Fixed Ends

The above procedure may be applied to continuous beams with fixed ends noting that the rotation
confribution at the end is zero, since the end being fixed, its rotation is zero.

Example 3.1 Analyse the continuous beam shown in Figure 3.3 by Kani’s method.

15 kKN/m 40 kN

l m l ED

.
ALRRANN

] £3B 21 @c 1 _J;
-2 m L—Zm a2 m

-+ m—r|e——Hm——————— 4 m——>

Figure 3.3: Continuous beam.

Fixed End Moments

20 x 4
Mpag = — 2 = —10 kNm
Mzga = 10 kNm
_15x6% 30x4x2?
Mpe = =3~~~ =-5833 kNm
_15x6° | 30x47x2
Myop = — 5+~ = 7167 kNm
40 x 4
Mgep = — 3 = — 20 kNm
Mzpe = 20 kNm
: Lk
Rotation factor (RF) = —5 E

Table 3.1: Rotation factors

Joint Members k >k RF
A4ET
BA o EI 0214
B 2.33El
4F(21) 4
BC ) —EI 0.286
6 3
4E (2I) 4
CB ) - —EI 0.286
6 3
G 2.33E]
4FET
CD 2 =FKl 0214
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Rotation contribution are calculated 1n the tabular form shown in Table 3.2.

Table 3.2: Rotation contributions

& -10 10 %48.33% —-58.33 71.67 § 51.67 E -20 20 D
S S
10.34 13.84 —-18.73 —-14.01
14.35 19.18 -20.26 -15.16
14.68 19.62 -20.39 -15.26

Explanation In Table 3.2, double rectangular blocks are made at joints B and C which rotate during
deformation. End 4 and D are marked as the fixed ends. The fixed end moments —10.10; —58.33,
71.67; =20, 20 are marked above the horizontal line drawn to connect joints. £ My, terms are
calculated and noted in the respective inner rectangular blocks of joints.

In this problem, for joint B,

% My =10/ -58,33 = —48.33

and for joint C, ZMppp=71.67 -20 = 51.67
Then, rotation factors — 0.214, — 0.286 at joint B and — 0.286 and — 0.214 at joint C are noted
in the space between the two rectangular blocks as shown in Table 3.2.

Now, at joint B, rotation contribution terms Mgy, and Mg are to be found. From Eqn. 3.3,

M{, = RF (Z Fixed end moments at joint B + X Rotation contributions from far end)

Rotation contribution for the far end of B4 is zero, since, the far end 4 is fixed and not rotating.
Rotation contribution at the far end of BC is not known. Hence, it is taken as zero.

M{,= -0214[-4833+0] =10.34

M= —0.286[-48.33 + 0] = 13.82

These values are noted below the members near the joint.
Now, consider joint C. For this joint,
2 Fixed end moments = 51.67, as shown in rectangular block. There is no far end contribution
from member CD, since end D 1s fixed.
The far end contribution of CB, i.e., from end B, 1s 13.82
2 Far end contribution =13.82 + 0 = 13.82

Mg =-0.286 [51.67 + 13.82] = -18.73

and M{y =-0214 [51.67 + 13.82] = -14.01

All joints which rotate have been considered. Hence, a cycle is completed.
The second cycle again starts from joint B. The far end contribution of member BC is —18.73;
there 1s no far end contribution for member BA.
X Far end contribution = —18.73
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Mg,=-0214 [-48.33 - 18.73] = 14.35

M{.=-0.286 [-48.33 — 18.73] = 19.18
Consider joint C,

Mg =-0.286 [51.67 + 19.18] = -20.26

Ml =-0.214 [51.67 + 19.18] = -15.16

Similarly, further cycles are carried out. The difference between rotation contributions of cycle
4 and cycle 3 are negligible. Hence, the distribution procedure is stopped.

From Eqn. 3.2, we know

Final moment = Fixed end moment + 2 (Near end rotation contribution) + Far end contribution

Table 3.3: Final moment calculations

A B C D
FEM -10 10 5833 7167 -20 20
Near end conribution 2x0 2x14.7 2x1965 —2x2040 2x(-15.16) 2x0
Far end conribution 14:70 0 2040 1965 0 1526
Final 4770 394 -394 5052 -50.52 474

Example 3.2 Analyse the continuous beam shown in Figure 3.4 by Kani’s method.
60 kN 20kN/m  S0kN

on

157 3B 1 g3¢C 27

—4m je— 4 m —»

S
ARANAN
SRARRN

le—— 6m ——»fa3 m—>|= 8m >

Figure 3.4: Continuous beam.

Solution Fixed End Moments

60 x 4 x2°

Mg ™ —F -26.67 kNm

60 x 4% x2

Mg = —a - 53.33 kNm
20 x 32

MFBC - - 12 —_— —15 kNm

Mg = 15 kNm
30 x 8

MFCD i e 8 = e 30 kNm

Mspe = 30 kNm

1( &
Rotation factor (RF) —= (ﬁ}
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Table 3.4: Rotation factors

Joints Members k x k RE
4E (.51
BA (T =EI 0214
B 233 K]
4ET
BC 3 -0.286
4ET
CB — —0.286
3
C 233 E]
4K (21
CD % = El -0214

Further calculations are carried out in Table 3.5.

Table 3.5: Rotation contributions

— <t = . o - -
26.67 53.33;. 3833 |5 15 15 2 15 |5 30 30
% F—I¢ s
-8.20 -10.96 7.43 5.56
-9.79 -13.09 8.03 6.01
—9.92 -13.26 8.08 6.04

Final Moment Calculations

Table 3.6: Final moment calculations

A B C D
FEM 26.67 5333 15 15 30 30
Near end contribution | 2x0 -2x993 -2x13.27 2% 8.09 2x6.05 2x0
Far end conribution 993 0 8.09 13.27 0 6.05
Final -36.60 33.74 -33.74 17.91 -17.91 36.05

3.2.2 Application to Continuous Beams with Simply Supported and
Overhanging Ends

Method I If the end of the continuous beam is simply supported or has overhang, the last support
also rotates. Hence, rotation contribution of that joint also should be found. Stiffness of
overhanging portion may be taken as zero, since the moment in this portion does not depend upon
the loading in the other portion. Then, rotation factor for interior member at such joint is —0.5.
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Figure 3.5: Rotation factors.

Method II The final moment at the simply supported end 1s zero and at the end support in the
overhanging beam is equal to the end moment in the cantilever. Referring to Figure 3.5, we know
that rotation at the inner end 4 due to moment M applied is

5 ML
AT 3E
; ; i W ; . 3EI
Moment required for unit rotation is 9% Thus, stiffness of member AB is :
_ ‘ . 3EI
If stiffness of member AB is modified as T,no moment gets transferred from end A4 to

end B due to the rotation of end A. In the first step, fixed end moments are calculated at end B
also, as if 1t 1s a fixed end. To achieve the final moment at end B (zero in case of simply supported
end and at cantilever end moment in overhanging beam), balancing moment shall be applied at
joint B. Then, half of this balancing moment goes to mner end 4. Thus, fixed end moment of
mnner end 4 is modified as

Modified Mgap = Mgap + 0.5 x Balancing moment at B

= Mpp — 0.5 x Unbalanced moment at B

Method I is a direct application of Kani’s concept of rotation contribution, while method II is
a modification using the concept of moment distribution. In method II, the number of joints to be
considered for calculating the rotation contribution is reduced. Hence, calculation effort is reduced.

Example 3.3 is solved by both the methods while the rest are solved by method II, only.

Example 3.3 Analyse the continuous beam shown in Figure 3.6 by Kani’s method. Flexural rigidity
1s constant throughout.

lSO kN /— 20 kN/m lSO kN

<2 m—»| /@B /@C H—Zm@D

- 4m—>le—— 4 m—le—— 4 m—>]

b

SANAAN

Figure 3.6: Continuous beam.
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Solution Fixed End Moments

50 x 4
MFAB = = 3 = -25 kNm
Mg = 25 kNm

2

Mipe = - 20;;4 = 26.6 KNm
MFCB = 26.67 kNm

50x 4
MFCD = - 3 = -25 kNm
Mipe = 25 kNm

1( %
Method I Rotation fact RF)= ——| —
etho otation factor (RF) 2(21()

Table 3.7: Rotation factors

Joints Members k Tk RE
457
BA 4 =Ll 0.25
B 2 EI
4K
BC — = EI 0.25
4
4ET
C 2EI
A4KT
CD 1 ET -0.25
4ET

Rotation contributions and final moments are calculated and tabulated in Table 3.8.

Table 3.8: Rotation contributions

= Wi Wy Wy wy

25 25§ 167 g 26.67 26.67 gl 167 gl 25 25 g 25
0.42 042 —0.52 -0.52 -12.24
0.55 0.55 2.51 2.51 -13.76
-0.21 -0.21 3.08 3.08 -14.04
—0.35 -0.35 3.18 3.18 —-14.09

[-038] [-038] [32 | [32 ]
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Final Moment Calculations

Table 3.9: Final moment calculations

A B c D
FEM 25 25 -26.67 2667 -25 25
Near end contribution | 2x 0 2x(-0.38) 2x(-0.38) 2x3.2 2x3.2 2x(-14.1)
Far end conribution -0.38 0 32 -0.38 -14.1 32
Final 25.38 2424 2423 32.69 32.70 0

Note: While calculating the rotation contribution at C, the far end contributions of end B as well as end

D are to be considered. Final moment expression used is Final moment = FEM + 2 (Near end

rotation contribution) + (Far end contribution).

Method Il Fixed End Moments

Modification of FEM in the last span is required.

Mycp = Mpep — 0.5 x Unbalanced moment at D
= =25 - 0.5(25) = -37.5 kNm
MFDC =0
. 1k
Rotation factor (RF) = > | 3%
; .~ 3EI 3EI
Stiffness of span CD 1s —— = ——
L 4
Table 3.10: Rotation factors
Joint Members k E k& RF
4ET
BA T =El 0.25
B 2 EI
4ET
BC — = EI 0.25
4
4ET
CB T =Kl 0.286
C 1.75 EI
3ET
CD T=O.75 El 0214
Rotation and [inal moments are calculated and are shown in Table 3.11.
Table 3.11: Rotation contributions
-25 25 ﬁ 167 "N‘ -26.67 26.67 §—10.R?§ -37.5
7 = Vi
0.42 0.42 2.98 2.23
-0.33 —0.33 3.19 2.39
-0.38 | 321 | 2.39]
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Final Moment Calculations

Table 3.12: Final moment calculations

A B C D
FEM -25 25 -26.67 2667 -375 0
Near end contribution | 2x0  2x(-0.38) 2x(-038) 2x321 2x3.29 2x0
Far end contribution 038 0 321 -038 0 0
Final -25.38 24.24 -24.24 32.71 -32.71 0
Example 3.4 Analyse the continuous beam shown in Figure 3.7.
20 kN

30 kN/m
A%/\ /\/K\%\f\/\n

4 m

A

Figure 3.7: Continuous beam.

Solution Fixed End Moments

30 x 4°
Mg = -2 = _40KkNm
12
MFBA= 40kNm
30 x 32
Mpe = — = =-22.5kNm
My = 22.5kNm

Myep = —20 x 2 = —40 kNm

Modification to take care of rotation of support C
Modified Myppe = Mype — 0.5 x Unbalanced moment at C
Mpe = -22.5-0.5(22.5-40)=-13.5 kNm

1( k
Rotation factor (RF) =——| —
otation factor (RF) 2[21{}

Table 3.13: Rotation factors

Joint Members k Yk RE
457
BA —=FI -0.2
4
B 2.5E1
3E(1.

Rotation contributions and final moments are calculated in Table 3.14.



100 Structural Analysis—II

Table 3.14: Rotation contributions

—40 40

-0.20

-26.5

3-13.5 —40-40 0
i

/57

Final Moment Calculations

Table 3.15: Final moment calculations

A B C D
FEM -40 40 -13.5 40 —40 0
Near end contribution | 2x 0 2(-53) 2% (=7.95) 0 0 0
Far end contribution 533 0 0 0 0 0
Final -45.33 29.40 -29.40 40 -40 0

Example 3.5 Analyse the continuous beam shown in Figure 3.8 by Kani’s method. E7 is constant

throughout.
AN

" +J:lS/%B]?"S - /%C |<7 5
|<f3m“—>t735m ;:I

Figure 3.8: Continuous beam.

Solution Fixed End Moments

40 x 3
MFAB = 3 = —-15 kNm
Mgpa = 15 kKNm
oy _Tlodxxx(_%,S—x)"-
FBC . 3_52
1.75
_ 10 2 2, .3
= E I (35°x—Tx" + x)dx
175
10 3 52 x* 7 x> +x4
75 2
10dexx“(35—x
Mycp = _[ ( )

3.52
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1.75
= i()_ I (3.5x* — x*) dx
3.5°
' 0
10 X x? '
== 35| —|—-— = 3.19 kNm
3.5 3 4
0
—80 x1.5x 2.52
Mgep = o = —46.88 kNm
-80x1.5% %25
Mpe = pe = 28.13
Modification to account for rotation of 4 and D

MFAB =0
Mipa = 15 =0.5(-15) = 22.5 kNm
Miep = — 46.88 — 0.5(28.13) = —60.95 kNm

Mppe =0
Rotation factor (RF) i k
otation lactor o | e
2\ 2k
Table 3.16: Rotation factors
Joint Members k Yk RI¥
RN
BA =3 -4 -0233
B 2143 EI
BC A 0267
3.5
CB 1.143 EI 0.302
G 1.893 EJ
CD %ZU?S EI 0.198

Rotation contributions are calculated and shown 1n Table 3.17 and final moments are calculated
using Eqn. 3.2.

Table 3.17: Rotation contributions

o ~|_ o~ oo _

0 22.50 D158 |3 7.02 3.19 &l_57.76/2 60.95 0
/57 3 T s s /57
-3.61 —4.13 18.69 12.25
-7.96 -9.12 20.20 13.24
-8.31 -9.53 20.32 13.22

2033 13.33
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Final Moment Calculations

Table 3.18: Final moment calculations

A B G D
FEM 0 225 -7.02 3,19 | —=60.95 0
Near end contribution | 2 x 0 2(-834) | 2(-9.56) 2(20.33) | 2(13.33) 2x0
Far end contribution 0 0 2033 -9.56 0 0
Final moments 0 582 —-582 3429 —3429 0

Example 3.6 Analyse the continuous beam shown i Figure 3.9 by Kam’s method.

lwm ro 3

z

IR T B 05w
2 > 1.5 mie
fe—3m—>le—6m———>+—3 m—>le2

Figure 3.9: Continuous beam.

Solution Fixed End Moments

60 %2 x1?

My = — =-13.33kNm
60x2%x1

Mgy = —5 " 26.67 kNm

20 x 6>
MFBC= = 12 =—60 kNm
MFCB: 60kNm

3

Mo = — %30 __[51Nm
Mspe = 15kNm

Mgpg = -2 x 20 = -40 kNm
Modification in FEM to account for rotation of D

Mppe = —40 kNm (to balance joint C)

Mgcp = -15-0.5(15 - 40) = -2.5 kNm

1( k&
Rotation factor (RF) = — E(E)

E

120 kN
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Table 3.19: Rotation factors

Joint Members k Yk RI
4 EI
BA S 025
3
B —ET
4EQRI) 4
=—FI _
BC 5 3 025
AE(2I) 4
CB @h_2 EI 0286
6 3
C 233 EI
3EI
CD = =Ll —0214

Rotation contributions are calculated and shown in Table 3.20. The final moments are then
calculated using Eqn. (3.2) and are shown in the table 3.21.

Table 3.20: Rotation contributions

a—13.33 26.67 |\Q v —60 60 |2 =+[-2.5 +40 40
5] g -33.33 g ]| 575 IS 7S
' ' —
8.33 8.33 —-18.83 —14.09
13.04 13.04 -20.17 —15.10
13.38 13.38 -20.27 -15.17
[13.40| |13.40] [-20.28]  [-15.17|
Final Moment Calculations
Table 3.21: Final moment calculations
A B ( D E
FEM 1333 26.76 60 60 25 40 40
Near end contribution 2x0 2(13.40) 2x1340  2(-2028) 2(-1517) 0 - -
Far end contribution 1340 0 20.28 1340 0
Final 0.07 5347 5347 32.84 32.84 40 40 0

3.3 ANALYSIS OF FRAMES WITHOUT LATERAL SWAY

If there 1s no sway in the frame, the analysis procedure is exactly the same as that for continuous
beams, except that there may be more than two members meeting at the joint in the frames. While
calculating rotation factors and rotation contributions, all the members meeting at the joints should
be considered. This method is illustrated with the two examples (3.7 and 3.8) given below:
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Example 3.7 Analyse the rigid frame shown in Figure 3.10 by Kani’s method.

20 kN 30 kN

n mJ 48 kN/m ‘
)

b8 e ¢} opb
3m @) 4 m

} ¥J)
ALARRANN
F E ““L

f=—3m—f———d m—f=—2 m—f

e
AN

Figure 3.10: Rigid frame.

Solution Fixed End Moments

2
Mg = —%=—4.44kNm
2
Mimy = %4&89 KNm
48 x 4*

Mgcg = 64 kNm
Mgcp = -30 x 2 = -60 kNm
Mygr = Myprg = Mycg = Mpge = 0

1( k
Rotation factor (RF) = 7 (Zk )
Table 3.22: Rotation factors
Joint Members k zk RIY
4 KT
BA -0.143
3
4 EI
B BF T 4.67 Kl 0.143
4E(21
BC El ) =2E] 0214
CB 2K —-025
G CD 0 457 0
4E(21
CE ol =2E] 0.25
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Rotation contributions are calculated in tabular form and shown in Table 3.23.

Table 3.23: Rotation contributions

—4.44 8.89(R |56 64 18 1o lol=5°
L _I< TL
—0.143 —-0.25
7.88 7.88 11.79 -3.95 -3.95
8.45 8.45 12.64 —4.16
[ 848 |o|[ 848 | [12.68] [4.17] ,|[=4.17]
AANNNNN ANANNNN

Final Moments
Final moments = FEM + 2 (Near end rotation contributions)
+ (Far end contributions)

Mg = -4.44 + 2 x 0 + 848 = 404 kKNm
Mgy = 889 +2 x 848 + 0 = 25.85 kNm
Mpr =0+ 2 x 848 + 0 = 16.96 kNm

Mpc = -64 + 2 x 12.68 — 4.17 = —-42.81 kNm
Mcp = 64 + 2(-4.17) + 12.68 = 68.34 KNm
Mop = =60 KNm

Mcg =0+ 2(-4.17) + 0 = —8.34 kNm

Mg =0+4+2x%x0-4.17 =-4.17 kNm

Mmp =0+2 x0 + 848 = 8.48 kNm

105

Example 3.8 Analyse the symmetric frame shown in Figure 3.11(a) by Kani’s method and indicate

the final end moments on the sketch of the frame.

90 kN/m 143.80 343 R
W W WaWaWaWa Vel 0 h\; (" D
A — ;
4m| (1) @) @ 1 ]
90 kN/m & | 2742 274.2
(1™ 41140 , * N
NN gl Wil W
i ]
4dm| (1 (1) o
L, 68.60 8.60 o
‘4 F /_/ ‘ D 6 6 }O ‘f ‘\
iY\T\ TR TR TN
I= 8 m | A
(a) (0)

Figure 3.11(a): Symmetric frame. (b) End moments.
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Solution

2
My = -¥=-4somm
Migp = 480 kNm

MFCD = —480 kNm

Mypc

480 kNm

All other fixed end moments are zero.

1 (k&
Rotation factor (RF) = ~%5 [ﬂ)

Table 3.24: Rotation factors

Joint Members k zk RFF
4E]
BA 2 =Kl —0.167
4R
B BE 3 =hT 3ET 0.167
4ET
BC T =EI -0.167
4K
CB T =EI 0.25
] 2E7
427
CD @) ET 0.25
8
4E2]
DC 8 =LKl -025
D 2ET
4ET
DE T =EI 0.25
457
ED T EI 0.167
4E21
E EB B El 3EI 0.167
4K
EF T =EI 0.167

Rotation contributions are calculated in Table 3.25, starting from joint C and proceeding in the
order D, E, B to complete the first cycle. After three more cycles, it has converged.

Final moments = FEM x 2 (Near end rotation contributions) + (Far end contributions)

MAB =
Mgy =
Mpg =
Mpe =
Mcp =

0+2x0+68.60 = 68.60 kNm

0+ 2x6860+0=13720 kNm

—480 + 2 x 68.60 — 68.51 = -411.35 kNm
0+ 2 x68.60 + 137.0 = 274.2 kNm

0+ 2 x 137.0 + 68.60 = 343.80 kNm

= —480 + 2 x 137 - 137.06 = 343.06 kNm
= 480 + 2(-137.06) + 137 = 342.88 kNm
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Mpg = 0 -2 x 137.06 — 68.57 = 342.69 kKNm
= 0 -2 x 6857 — 137.06 = 274.2 kNm
Mgp = 480 =2 x 68.57 + 68.06 = 410.92 kNm
0 -2 x 6857 + 0 = — 137.14 kNm
Mg = 0+ 2 x 0 - 68.57 = —68.57 kNm

But, for round-off errors, final moments are also symmetric. These values are rounded-off and
indicated in Figure 3.11(5).

&
|

o
Il

Table 3.25: Rotation contributions

480 vgﬂ —480 480 § 480
025 120 150 025
150
120 140.17 ~141.27
140.17 ~141.27
13829 13829 -137.54 | 13754
137.26 ~
137.26 137.08 |
68.71 68.67
68.51 68.56
68.13 68.14
69.32 55.11
0.167 —0.167
~ S
480 |© =| 480
0167 1|  69.32 ~55.11|  —0.167
6932  68.13 ~68.14 5511
68.13 6851 ~68.56 68,14
6851 6871 _68.67 _68.56
68.71 ~68.69
SEIE7E ST7F77
3.4 ANALYSIS OF SYMMETRIC FRAMES TAKING ADVANTAGE OF

SYMMETRY

Frames with symmetry do not have side sway. Apart from this, the bending moment values are
going to be symmetric. Hence, it should be possible to make use of this and calculate the bending
moment values only for one-half of the structure and using symmetry to write down for the other
half. Two types of symmetric problems are encountered as shown in Figure 3.12.

(a) Line of symmetry passes though the columns. Such a case occurs when the number of bays
are even.

(b) Line of symmetry passes through the mid-span of the beams. Such a case occurs when the
number of bays are odd.
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Central line
L i L
Vorrze g i
iCentral line
(@)

CL
L2 L2
TRRTRY oL S
(®)

Figure 3.12(a): Symmetric line through columns. (b) Symmetric line through middle of beams.

3.4.1

Through Columns

Analysis of Symmetric Frames when Line of Symmetry Passes

Because of symmetry, the joints on the line of symmetry do not rotate. Hence, they may be treated
as fixed ends and only one half may be analysed. Using symmetry, the bending moment values

are noted for the other half. Due to symmetry, there will not be any bending moment in the columns
through which the line of symmetry passes.

Example 3.9 Analyse the symmetric frame shown in Figure 3.13(a). Make use of the symmetry
for the analysis given that the moment of inertia of beams is twice that of the columns.

60 kN/m 60 kKN/m
JaWal VoW e Wall o aVaVaWal /"\j D
C e@n |P @
() N 90 kN/m (/) 90 kN/m
A/\/{//X‘\/\f\ I BInA A A AY |
B @D E W) 4
() (D ()
F G "
ANANN TR -
le—5m—»le—>5m
(@) (b)
178.00
7202 N 4w 1202
) \o[] / (v
A 7796 2125 77.96 4T\
5 % 22000 o »* A120|y
22|, J \E| / \ NEL
,;{—“)I 01 F 2[.01,,2?
ANANN T ANNNNN

(¢)

Figure 3.13(a): Symmetric frame. (b) Half the symmetric frame. (¢) Final end moments.
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Solution Since, the line of symmetry passes through columns DEF, joints D and E also will not
rotate. Only half the frame as shown in Figure 3.13(g) may be considered for the analysis.

Fixed End Moments

MFCD -

Mzpg
Fixed end moment at other ends =

i)

Rotation factor (RF) = —

_60x5

90 x 52

—125kNm 3 MFDC = 125 kNm

—187.5kNm, Mg = 187.5 kKNm

0

Table 3.26: Rotation factors

Joint Members k zk RF
4RI
BA - = [l -0.127
4EQ2D)
B BE s =1.6EI 3.93 LI 0.204
4EI .
BC 5 AR -0.169
4] )
CB 3 133 E1 -0.227
a 2.93 EI
4E (21
CD ( }=1-6Ef 0273

Table 3.27: Rotation contributions

| —125 125
125 |9 ED
22.04
| 27.96
27.92
26.89
"0'1693 -187.5 I87.5F
-187.58) E
T ¢
0.127
32.46
2021 3321

1>

IAANN

20.98
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Analysis is carried out in Table 3.25 starting from joint C and then going to joint B:
Final Moments
My =0+2x0+2101 =21.01 kNm
Mgy =0+2x21.01 +0=42.02 kNm
Mpgp = -1875 +2 x 3375 + 0 = -120 kNm
Mpo =0+ 2 x27.96 + 22.04 = 77.96 kNm
Meg =0+ 2 x22.04 + 27.96 = 72.04 kNm
Mep = -125 + 2 x 26.50 + 0 = -72.00 kNm
=125+ 2 x 0+ 26.50 = 178 kNm
Mg = 1875+ 2 x 0+ 33.75 = 221.25 kNm

Using symmetry, these values are marked on the other part of frame also (Refer Figure 3.13(¢).

5N
8
|

3.4.2 Analysis of Symmetric Frames when Line of Symmetry Passes
through Mid-span of Beams

Because of symmetry, the rotation of mid-span of beams, through which the axis of symmetry
passes, 1s zero. Considering only half the frame with fixed ends at the mid-span of beams, through
which the line of symmetry passes, we can get the desired result for the entire frame.

Let AB shown in Figure 3.14(a) be a beam of symmetric frame through which the line of
symmetry passes. Let the rotations be 0, and Oy at ends A and B, respectively.

- L .
\ /
A \\)\%\7)\ M B
M, e T == Mg,
(a)
= r >
\ gﬂr

(b)

Figure 3.14(a): Beam with line of symmetry through mid-span.
(b) Beam with end B’ fixed.
Due to symmetry,

04 = 6 and Mg = My, = M (numerically)
Since, both the moments (M p and Mp,) cause clockwise rotations at A,
Mol My L
g, = —AB~ ;. °BA
3EI 6ET
Since, Mjp = Mgy = M, we get,

I I
04 (351] [6E]J

L
M[ﬁ] (i)
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Now, consider a beam of span L’ with end 4" undergoing rotation while end B’ is fixed (Refer
Figure 3.14(b). Let moment M be aplied at joint A”. In such a case, we know,

0, = ME Since o is the stiffness of such a joint
A" JEI’ Ty )
If the beam A’B’ has to replace beam AB,
0 = 0y

ML ML 2EI  4EI
261  4EI L T I’
k . . 4E]
5 K. since stiffness =T

Hence, if k is the stiffness of original beam, this beam may be replaced by another beam having

k
its stiffness 5 with fixed end at mid-span.

Example 3.10 Solve the Example 3.8 (Refer Figure 3.11) using symmetry.

Solution
2
Mg = — 90;;8 = 480 kNm
Migp = 480 kNm
2
Mot = — 90;;8 — _480 kNm

Mipe = 480 kKNm

Fixed end moments at all other ends are zero.
Now, using symmetry, only half the frame may be considered which has fixed ends at the mid-

span of the beams (Refer Figure 3.15). Stiffness of CD’ and BE’ are modified as
1 4E21

—_— =
> 3 0.5 EI

C ED'

A
RN

Figure 3.15: Equivalent symmetric beam.
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Rotation Factor

Table 3.28: Rotation factors

Joint Members k Bk RF
cD’ 0.5 EI 0.167
C 1.5 EI
4 ET
CB — = £AI - 0.333
4
4 ET
BA — = Al - 02
4
B BE’ 0.5 kI 25 EI - 0.1
4 EJ

Rotation contributions are calculated and shown in Table 3.28. Joint £ is considered first
following which is joint B.

Table 3.29: Rotation contributions

S| —480
480 |=
0333 T 80,00

160.00 69.33

138.67

TRREER

68.27
64.00

—02 | 480 7
4809 32.00 Z
02 o

33.13

64.00 | 3498

6R.27

Final Moments
Myg =0+ 2 x 0+ 6855 =68.55kNm = - Mg
Mg, =0+ 2 x 6855+ 0=137.1 kNm = — Mg
Mpg = -480 + 2 x 3428 + 0 = 411.44 KNm = — Mg
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Mg = 0 + 2 x 68.55 + 137.24 = 274.2 kNm = — Myp,
Mg = 0 + 2 x 137.24 + 68.55 = 34275 kNm = — Mpg
Mgp = — 480 + 2 x 68.62 = — 342.76 KNm = — Mp

3.5 ANALYSIS OF FRAMES WITH SWAY

If a frame has unsymmetric geometry and/or unsymmetric load, it will sway laterally, causing relative
displacements at the ends of columns. This lateral sway causes additional moments, which may be
called displacement contributions. In the analysis of such frames which have sway, we come
across two cases:

1. Heights of all columns in a storey are the same

2. Heights of columns in a storey are different.

3.5.1 Analysis of Frames with Sway when All Columns in a Storey have Same
Height

Consider the frame shown in Figure 3.16(a). Usually, such frames are subjected to vertical loads.
The wind loads which act horizontally are considered to act at joints. Hence, in columns, fixed end
moment due to load is zero. Let PO, RS, EF and GH be the columns in the rth storey and all of
them of height 4. Figure 3.16(b), shows the free body diagram of member PQ.

H— PVP 'y
!WPQ ‘\,,-/
R E & h,
g ¥
h,
S F H i MQP
A
0 7 H oy
0 i
VO
SRR ESEERAN SO ESULRRY
(a) (b)

Figure 3.16(a): Typical frame having same column heights in all storey's.
(b) Freebody diagram of a column.

Let the horizontal force developed be H. Obviously, it is the shear force at any section in the
member PQ, since all the horizontal forces act (if at all they do so) at joints only. Let Mpqg and
Mgqp be the final moments in PQ near joints P and Q respectively.

IMp = 0, gives
Hh, + Mpq + Mgp = 0
ZMPQ + M op
h,

H=-
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Summing up the horizontal forces (shear forces) in the rth storey, we get,

SMpo + IM
SH = — PQ QP
h,
ie., S, by = — (EMpq + EMgp) ..(3.4)

where S; is the storey shear = ZH
and the summation is over the columns in the storey. It may be noted that ZMp, is the summation
of end moments of all columns at the upper ends and ZMp is the summation of the end moments
at lower ends of the columns in the storey.

Let ZM*pq be the additional moment caused due to sway in member PQ at end P. Final moment
Mpq 1s given by

where Mgpq is the fixed end moment and M%p, and M7y are the near end and far end rotation
contributions.

Similarly, Map = Mypqp +Miq + 2M{p + Mpq ...(3.5b)

However, as we consider the case in which fixed end moments due to loads are zero in the
columns,

Mpg = 2M}"Q+M6P+M;Q ...(3.6a)

and Map = Mpq +2Mgp+Mgp ..(3.6b)
Adding Eqns. 3.6(a) and 3.6(b), we get,

Mpq + Map = 3Mpq +3MGp +Mpq +Mep .37

Due to relative displacements of ends, moments caused at the two ends are equal, M ;Q =M ép
Hence, Eqn. 3.7 reduces to,
Summing up the above terms over all the columns in the storey, we get,

EMpq + IMqp = 3 (EM{q + EM{p)+ 23 My,
* 1 3 . ’
or mPQ= E(EMPQ +WQP)—E(WPQ +WQP)
But, from Eqn. 3.4, ZMpq + EMp = =S,h,

* S]' 3 ’ ’
ZMPQ < —Thl — E(WPQ + WQP)

3| S
_5[ r3hr +(EM, +w5p)] .(38)

6EIA  15kA
r

Since, M;Q = - and A and L are same for all members,
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. 1.5A

Mg _ &
IMpq, Lk

* k *
MPQ = EZMPQ
Substituting the values of EM;Q from Eqn. 3.8, we get,

; 3( & : ,
My = _E(EJ[SJ:, + (EMpq + ZMfp)] (3.9

2\ Zk

opo 3k
T2\ zk

where summation is over the number of columns in the storey. Thus, displacement contribution is
given by

3( k
The expression ——[—) is called the displacement factor (DF). Thus,

M;Q = BY [ Sr3hr

+(ZMpq + ZMéP)] ..(3.10)

S,
The term rThr is called the storey moment. Note that storey shear S; can be easily assembled

by considering the section through the entire storey and then writing the horizontal force
equilibrium equation for the upper portion. Equation 3.10 may be stated as
Displacement contribution to a column

_ Storey moment + ) Rotation contribution at top and bottom
= D : ok L)
ends of the columns in the storey

When displacement contributions are to be considered, Eqn. 3.3 for calculating rotation
contribution gets modified to

Mg = RF (Mg +ZMy, +3Mz,) ..(3.12)

Eqns. 3.11 and 3.12 help in evolving a distribution procedure that will take care of sway.

Find fixed end moments in all the members.

Find rotation factors at all the joints which are going to rotate.

Find displacement factors for the columns in each storey.

Prepare Kani’s distribution table.

To start with, unknown values of all rotation contributions and displacement contributions

are taken equal to zero.

6. As and when the rotation contributions and displacement contributions are available, those
values are considered.

7. Kani’s procedure is applied joint by joint to calculate rotation contributions, till all joints are
handled.

8. After all joints are handled and before going for the next cycle, displacement contributions

are calculated using Eqn. 3.11.

AR S
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9. Start with next cycle. At this stage, displacement contributions are also available. Hence, it
should be considered while calculating the rotation contributions.
Rotation contributions = RF (ZMFAB + IME, + W;Q )
where XM ,p 1s sum of fixed end moments at the joint,
ZMy, is the far end contributions of all the members meeting at the joint.

and EM;Q 1s the displacement contributions of all the columns meeting at the joint.
10. Repeat the cycle till the rotation and displacement contributions are negligible.
11. Assemble the final moments using Eqn. 3.5.
Final moment = Fixed end moment + 2 (Near end rotation contribution)
+ Far end rotation contribution + Displacement contribution
However, note that there are no displacement contribution for beams and no fixed end moments
for columns.

Example 3.11 Using Kani’s rotational 80 kN
contribution method, analyse the frame shown in _"| 1.5m i s
Figure 3.17. Moment of inertia of the members B C
are shown encircled near the members. T 4D
Solution Fixed End Moments 3m| @ ()
80x1.5x4.5%
Mipe =_—2=—6?.5kNm l A D
6 AN ANNNNNN
, e 6 m =
Mo = 80><15—2x45 =22.5kNm Figure 3.17: Given frame.
6
Fixed end moments in both the columns are zero.
Rotation factor (RF) Lf.E
otation factor e
2\ 2k
Table 3.30: Rotation factors
Joint Members k Xk RF
4 17
BA T 4 ET -0.167
B
4E@AI) 8
BC 6 Ef“f 0.333
4F (47 8
CB fs )=;EI 0.333
C 4 ET
4FE]
CD T 0.167

3( k
Displacement factor (DF) = _E[ﬂ}
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Table 3.31: Displacement factors

117

Storey Members I's zk DF
4 ET
AB 3 0.75
1 BEI
3
4EI
DC 3 -0.75

Distribution is carried out in Table 3.32. The process starts from joint B to joint C. After finding
the rotation contributions at B and C, the displacement contributions are to be found. In this problem,
horizontal equilibrium of the first storey, after taking a section through it, shows storey shear.

Ss=ZH =0

1
Therefore, storey moment = gSrh, =0

Displacement contribution = DF (Z Rotation contributions at top and bottom of columns AB
and CD).

Rotation contribution after first cycle =-0.75[11.25 + 0 -7.5 + 0] =-2.81
This is written in the middle of the column.
Then, the second cycle is started.

M’gs = —0.167[-67.5+0~15.00 - 2.81] = 14.22

and M’ = —-0.333[-67.5+0— 15.00 — 2.81], since there is no displacement
=2847 in the beam
Table 3.32: Rotation and displacement contributions
@al-67.5 2255 |2
—67.50 gl 8| 22.50
-0.167 22.5 ~15.00 -0.167
11.25 28.41 —16.00
14.22 29.36 -15.71 4%
14.72 | 29.41 —15.58 )
-8.02
14.75 _7.88
[-075 |
-2.81 —2.81
—-4.67 -4.67
-5.12 -5.12
0 0
NN ANNRNN

Mo = 2847
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Atjoint C, we again calculate the displacement contributions. At the end of the fourth cycle, changes
in rotation and displacement contributions are negligible. Hence, distribution procedure is stopped.

Final Moments

Using Eqn. 3.5, these are assembled.
Mg =0+2x0+ 1475 -5.29 = 9.46 kNm
Mgy, =0+2x 1475 + 0-5.21 = 24.29 kNm
Mpe = 675+ 2 %2941 -1558 + 0 = - 24.26 kNm
Mcg = 225 -2 x 15.58 + 29.41 + 0 = 20.75 kNm
Mep =0+ 2(-781) + 0 + (=5.21) = -20.83 kNm
Mpe =0+ 2x0-781-521 =-13.02 kNm

Example 3.12 Analyse the rigid jointed frame shown in Figure 3.18 by Kani’s method.

20 kN/m
SOKN B~z A"~~~ C
A (2}—)
3m| () 0)
Y
AAAARN ANRNRNRY
A ||-‘- 6 im =|| D

Figure 3.18: Rigid jointed frame.
Solution Fixed End Moments

2
MFBC b —&=—60kNm
12
Mpcp = 60 kNm

Other FEMs are zero.

1( k
Rotation factor (RF) = — E [Ek_)

Table 3.33: Rotation factors

Joint Members k Tk RE
4E1
BA —_— -0.25
3
B —ET
4K 4
=—FEI
BC 6 3 025
4KE21) 4
=—EI s
CB G 3 025
C —ET
4E]
CD 5 0.25
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3( k
Displacement factors (DF) = _E[ﬂ)

Table 3.34: Distribution factors

Storey Members k Xk DF
4 EI
AB 3 -0.75
8ET
; 3
4ET
DC 3 -0.75

Taking the section through columns of first storey and considering the horizontal equilibrium
of the upper portion, we get,
Storey shear = 50 kN

S.h, 503
3 3

=50 kNm

Therefore, storey moment =

Distribution Procedure

It first starts from end B and then proceeds to end C. After obtaining the rotation contributions at
C, displacement contributions are to be found (Ref. Table 3.35).
FromEqn. 3.11,

, G Storey moment + Z Rotation contributions at top
Displacement contribution = DF

and bottom end of the columns
Therefore, for column AB, displacement contribution
=-0.75 (50 + 15+ 0 -18.75 + 0)
= -34.69
For column CD, displacement factor DF = —0.75
Therefore, distribution contribution = —-34.69
This completes the first cycle. In the second cycle, rotation contribution at joint B
= RF(-60 + (0 — 18.75) —34.69)
= RF(-113.44)
= 28.36, for both beam and column, since RF = —0.25 for both.
Similarly, rotation contributions at joint C
= RF(60 + (28.36 + 0) — 34.69)
= RF(53.67)
= —13.42, Since RF = —-0.25 for both the members.

Schematic calculation is shown in Table 3.35
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Table 3.35: Rotation and displacement contributions

1] -9 60 1ol
- 60 C-T-, cl, 60
—0.25 15.00 ~18.75 -0.25
15.00 2836 ~13.42 _18.75
s836 3053 ~10.46 18 48
3053 il
[<0.75] % =500
34.69 3469
~48.70 ~48.70
-52.55 ~52.55
0 0
AANNNY AANNNY

Final Moments

Equation 3.5 1s used to find the final end moments.
Myg =0+ 2 x0+ 3075 -53.40 = -22.65 kNm
Mgy =0+ 2 x30.75 + 0-53.40 = 8.1 kNm
Mpe = 60 + 2 x 30.75 -9.55 + 0 = —-8.05 kNm
Meg =60 -2 %955+ 30.75 + 0 = 71.65 KNm
Mcp =0+ 2 (-9.55) + 0 —53.40 = =72.50 kKNm
Mpe =0+ 2 x0-9.55-53.40 = -62.95 kNm

Example 3.13 Analyse the frame shown in Figure 3.19 by Kani’s method.

30 kN/m
c &
20 kN T = = D

(20
4m |[(J) (0
l 30 kN/m
T B (20
4m | () ()
L_‘?\ SENSS
A !f. 8Sm :lj F

Figure 3.19: Given frame.
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Solution Fixed End Moments
Fixed end moments in columns = 0

30 x 8
Mg = — = —160 kNm
12
Mggp = 160 KNm
Mypep = —160 kNm
Mipe = 160 kNm
Rotation factors (RF e
otation factors =i emiet] m——
)= "2 3k
Table 3.36: Rotation factors
Joint Members k Yk RI
4 E
BA 4 = EI -1/6
4FE (21
B BE é = EI 3 EI 1/6
4 ET
BC = EI ~1/6
4
4k
CB > = El -0.25
G 2 EI
4F (21 i
D ; ) - @ 025
4F (21
DC ; ) _ EI 025
D 2 Kl
4 ET
DE T = EI 0.25
ED El -1/6
E EB EI 3EI —~1/6
EF El -1/6

3( k
Displ t fact F) = ——d—=—
isplacement factors (DF) 5 {E k]

Table 3.37: Displacement factors

Storey Members k zk DF
AB EI 0.75
I 2 EI
FE EI 0.75
BC El -0.75
m 2 EI
ED EI -0.75
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Storey Moments

Taking the section through first storey and considering the equilibrium of horizontal forces, we find
that storey shear, Sr; = 20 + 40 = 60 kN
Considering the section through second storey, we find that Sr, = 20 kN

. 60 x 4 : 20x 4
... Storey moments in [ storey =T= 80 kNm and in II storey = T= 26.67 kNm

Table 3.38: Rotation and displacement contributions

| - 160 160 |u
—-160 |= P 160
| |
~0.25 40.00 syl 035
4000 073 —44.09 ~50.00
50.75 53.35 -40.26 —44.09
5335 (3407 —38.47 ~40.26
~38.47
S.h, o
[F0.75 _;f' =26.67 ~0.75
~16.05 ~16.05
—42.4] —42.41
~54.69 ~54.69
60.23 6023
41.48
38.67 5.51
33.12 ~9.90
23.06 ~1833
“1/6 “1/6
|~ 160 160 |
160 |~ =| 160
2306 3312 ~9.90 ~18.33
3312 867 ~5.51 ~9.90
3867 (4148 551
41.48
8
g
~63.55 83,55
~77.42 ~77.42
—84.87 —84.87
88.53
0 0
ANNANY ANRANY
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Distribution procedure is started from joint C form which joint D, E, B are considered in the
order. After finding the rotation contributions at all the four joints, displacement contributions are
found. The schematic calculations are shown in Table 3.38. Iterative porocedure is stopped after
four cycles and then the final moments are calculated.

Final Moments

Mup =0+2x0+41.48 — 88.53 = — 47.05 kNm
Mgy =0+2 x 41.48 + 0 — 88.53 = — 5.57 kNm

Mgy = —160 + 2 x 41.48 — 3.44 + 0 = — 80.48 kNm
Mpe = 0+ 2 x 41.48 + 54.07 — 60.23 = 89.39 kNm
Mep = 160 + 2 x 54.07 — 38.47 + 0 = —90.33 kNm
Mpe = 160 + 2 x 38.47 + 54.07 + 0 = 137.13 kNm
Mpg =0 + 2 (- 38.47) — 3.44 — 60.23 = —140.61 kKNm
Mgp = 0 + 2 (- 3.44) — 38.47 — 60.23 = —105.58 kNm
Mgp = 0 + 2 (= 3.44) — 88.53 = — 95.4] kNm

Mg = 160 — 2 x 3.44 + 41.48 + 0 = 194.6 kNm

My =0+ 2x0—344 - 8853 =—91.97 kNm

3.5.2 Analysis of Frames with Sway when Columns in a Storey have Different
Heights

If the columns are of different heights, choose a convenient height as the storey height. Then,
Eqgn. 3.8 may be modified as

ZM;Q( i ]: —%[&ThW):(M;,Q +Mép)]

hpq

Denoting i as Cpq, We get,
hpq

srth + 3, Cpq (Mpq +Mp )]

* 3
EC‘DQ MPQ = _E[

But M;Qz _[6E;IAJ=_1.SICA
hpq hpq
i.e,, M;Q oci
hpq
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or ock (i , Since, A, is constant
hpq
or Dck CPQ

S Mg [2CrokCro] XChok

. 3| kC L ’ ;
MPQ =— |: PQ '|:_hr+Z(MPQ 'f‘MQp)CpQ]:I

2| ekl 3
. 3( kCpq
Displacement factor (DF) = — — . (3.13
p (DF) > {2 CIEQ k] (3.13)
Displacement contribution A = DF [ Sf;’* + 3 (Mpq + M) CPQ] ..(3.14)

With the above modifications for displacement factor and displacement contributions, frames
with different heights can be analysed.

Example 3.14 Analyse the portal frame shown in Figure 3.20, by Kani’s method.

40 kN/m
B f\/é\f\/-\r\/\f\f\nnc

T 2
3
- o () 4m
LT\
A
TS
je————— 6m = D

Figure 3.20: Portal frame.

Solution Fixed End Moments
Fixed end moments in columns = 0

ie., Mpap = Mypp =Mpep =Mppe =
)
Mg = —40126 =—120kNm
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: 1( &
Rotation factor (RF) = ——| —
2\ Xk
Table 3.39: Rotation factors
Joint Members k zk RF
4 EI
BA 3 - 025
) 8 EI
B 3
. 4EQ2I) _4EI
BC 6 3 - 025
AEQ2I) 4EI
CB = 0.286
6 3
] 7 EI
C 3
4E7
CD ——=FEI -0214
4
, 3 kCpq
Displacement factors (DF) = —— | ———
2 ZCPQ k
Let the storey height A, be 3m
Cag = 10
3
Con= —=0.75
=
Table 3.40: Displacement factors
Storey Members k Cpg ZCE%Q k DF
a1 10 ~ 1053
I _ 1.8955
4 ET
DC T =EI 0.75 -0.594
Distribution

Storey moment is zero. From joint B, the distribution procedure 1s started. The schematic calculations
are shown in Table 3.41. Displacement contributions are calculated using Eqn. 3.24.
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Table 3.41: Rotations and displacement contributions

v | —120 120 |2
-120 |s a1 120
BE | 30.00 ~42.9 |7 =T
— 40.17 ~46.44 —
30.00  43.04 —44.99 —32.10
40.17 34.75
43.04 ~33.67
2.22 1.25
5,72 ~3.22
-9.89 ~5.57
10.42
0 0
TSN ANNANN

Final Moments
My =0+2x0+43.72-10.42 = 33.30
Mg, =0+2x%x4372 - 1042 =77.02
Mpe =—-120+ 2 x 4372 — 4523 =-77.79
Mo = 120-2 x 4523 +43.72 +0 =73.26
=0+2(-3384) —-587=-7355
Mpe =0+2x0-3384-587=-23971

=
S
|

SUMMARY

1. Kani's method of rotation contribution is explained taking clockwise end moments and rotations as
positive values.

2. The rotation factor is Eﬁ where summation is over the members meeting at the joint under
AB

consideration.
3. After finding rotation contributions the final moments at an end of member may be found by the
formula.
Final moment = FEM + 2 x Rotation contribution at near end + Rotation contribution at far end.

4. In symmetric frames, if the line of symmetry passes through columns, then the central columns are
not subjected to any moment. In such cases, half the frame may be considered for analysis treating
beams as fixed at central columns.
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3.

6.

7

Symmetric frames with the line of symmetry through mid-span of beams may be analysed taking
half the frame with fixed ends for beams on line of symmetry and stiffness of them halved.

If there is sway in the frame, displacement contributions should also be considered. The displacement
contribution is given by:

M*,g = DF[%%ZM’PQ - EM’QF.)}

S.h 3 k
where ;5' is storey moment and DF is the displacement contribution = o Tk the summation

being over the columns in the storey.
If columns in a storey have different heights, the displacement contribution is given by:

* Srhr ¢ ’ h'
M*eq =DF|:T+E(MPQ +M oP)CPo] where h, is the selected storey height and Cro =K.

MULTIPLE CHOICE QUESTIONS

Select the correct option:

1.

The rotation factor for a member AB at a joint is:

1 k 1 k
(a) 23k (b) 23k
3k o 3K s
& 55 0 S [Ans: 1. (a)]
The displacement factor as used in Kani's method is:
1 k 1 k
3k o 3K T
© -3 @ >3 [Ans: 2. (c)]
Storey moment in terms of storey shear S; and storey height h; is:
(@) Sihy (b) -Sih,
1 1
€ 3Sh (@ -3Sh [Ans: 3. (c)]

In a frame, if the line of symmetry passes through the midspan of beams, the symmetric beam of
stiffnress k may be replaced by a beam with fixed end at mid-span and having stiffness:

(@) k (b) -k
(c) k/2 (d) K [Ans: 4. (c)]
EXERCISES

. Analyse the continuous beam shown in figure given below by Kani's method.

12kN/m 36kN 12 kN/m
Aar{\f\nxzm‘:_ /(/;\/*\f\/\f\f\ED
7w A8 en S3C @ N

le—d4m—>le—— 6m—>je—— 6m —>

IAI'IS: Mag = =13.46 kNm; Mgs = —Mpc = 21.08 KNm; Mcg = —Mcp = 27.70 kNm; Mpc = 40.15 kNm]
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2. Analyse the continuous beam shown in figure given below by Kani's method.

12 kN — 20kN  10kN
L_/ééa an A3C 53(
—"“ m — 1.5 mie—
f<—3 m—>-|<76m4>|-1—3m—>]1 m

[Ans: MﬁB = +1.77 kNm; MBA = -MBC = 16.90 kNm; MCB = -MCD = 16.89 kNm;
MDC = _MDE =10 kNmI

3. Analyse the continuous beam shown in figure given below, if the support C settles down by 5 mm.
Take Young's modulus = 200 kN/mm?2 and moment of inertia = 3 x 107 mm* throughout.

20 kN 20 kN/m 20 kN
A l FaVaVaVaVaVal D
A3 B A3 € e

—»{1 m|e— —] 1_5:L.<7
[e— 3m —»+——4m—>}+— 3m

Ans: MAB =0 kNm, MBA = _MBC = 2212 kNm;
MCB = —MCD = 13.86 kNm; MDC = 0 kNm.

4. Analyse the frame shown in figure given below by Kani's method.

[’50 kN/m 490 kN 40 kN/m
2m
A INAA~AA~AA~AANT JaVaVaVal
B @D c T (0 D53
) 2p[4m
d d \L
NS o

j«——4m =!= 6m4>|-<—3m—>{

Ans: Mug = =33.91 kNm; Mg = 52.18 kNm;
Mgc = —64.38 kNm; Mcg = 46.86 kNm;

Mce = —0.94 KNm; Mcp = —45.94 kNm;,
Mgc = =0.47 KNm; Mgz = 6.09 kNm;

Mge = 12.18 kNm.
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5. Analyse the symmetric frame shown in figure given below.

30 kN/m

ETR N LN TN TN SN N TN

D E
T @1
3m () 90 kN @
-« 4m —»
Y
C F
2D
3m | () )
l48 kN 148 kN
B G
-2 m->| #J)) f2 m—
4m | ()
Ans: Mpg = —12.04 kKNm; Mgy = 24.08 kNm;
Mg = -59.96 kNm; Mgc = 35.73 kNm;
MCD = 23.22 kNm, MCF = -87.28 kNm,
TR ANNNRRNN
A = Sm = H MCD = 64.03 kNm, MDC = _MDE = -117.34 kNm.
6. Analyse the symmetric frame shown in figure given below by Kani's method.
40 kN/m
/\f\f\/\/\/\/(;\f\f‘\ Vo ValeWals
T‘? G E
4m
L D F
777 STTTT7 STTT77 /77777

Ale— 4 m —tat—3 m—ette— 4 m — H

[Ans: Mag = 15.13 kNm; Mgs = 30.26 KNm; Mpc = —-30.28 kNm; Mgg = 54.26 kNm;
Mcp = —14.42 KNm; Mpe = -39.62 kNm.]

7. Analyse the symmetric frame shown in figure given below by Kani's method.

30 kN/m
T D @D E o) L
3ml () s0ivm| @ @
f\r\r\r\@ FaVaVaVaVaVaVal iy <
& (21) F (20)
3m| () A0 kN/m (1
()
B @n G @
4m| () () )
| ;
STTI77 177777 177777
A= 6m b 6 m > ]/
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Ans: Mpg = 14.51 kNm; Mga = 29.02 kNm;
Mgg = —81.32 kNm; Mgc = 52.27 kNm);
Mcg = 46.52 kNm; Mge = —92.82 kNm);
MCD = 46.28 kNm, MDC = _MDE = 51.79 kNm.
8. Analyse the frame shown in figure given below by Kani's method.

B l40 kN
30 kN 5= C
T 2 ms; @D
4m (1) (1)
L >
777 /77777

Ale—6m ——»

[ Ans: Mag = =26.31 kNm; Mgs = =9.6 kNm = —Mgc;

Mcg = =Mcp = 41.80 KNm; Mpc = 42.37 kKNm.
9. Analyse the frame shown in figure given below by Kani's method.

40 kN> ¢
T «2m—»| (2])
4m | @)
2h| 6m
777
A
D
¥ 77y
< 6m -
Ans: MAB = -54.73 kNm, MBA - MBC =-41.4 kNm,
Meg = —Mcp = 29.10 kNm; Mpc = —34.73 kNm.
REVIEW QUESTIONS

1. Define the term rotation factor as used in Kani's method and derive the expression for it.

2. Explain the terms:
(a) Displacement factor
(b) Storey shear
(c) Storey moment



